This article was downloaded by: [Tomsk State University of Control Systems and
Radio]

On: 18 February 2013, At: 15:00

Publisher: Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered
office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

Molecular Crystals and Liquid Crystals
Science and Technology. Section A.
Molecular Crystals and Liquid Crystals

—— Publication details, including instructions for authors and
subscription information:
http://www.tandfonline.com/loi/gmcl19

Tentative Description of Blue Phases
with Periodic Surfaces

E. Dubois-violette * & B. Pansu 2

# Laboratoire de Physique des Solides, Université Paris 11.,
LA002, 91405, ORSAY, FRANCE
Version of record first published: 24 Sep 2006.

To cite this article: E. Dubois-violette & B. Pansu (1992): Tentative Description of Blue Phases
with Periodic Surfaces, Molecular Crystals and Liquid Crystals Science and Technology. Section A.
Molecular Crystals and Liquid Crystals, 212:1, 225-235

To link to this article: http://dx.doi.org/10.1080/10587259208037263

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/terms-and-
conditions

This article may be used for research, teaching, and private study purposes. Any
substantial or systematic reproduction, redistribution, reselling, loan, sub-licensing,
systematic supply, or distribution in any form to anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any
representation that the contents will be complete or accurate or up to date. The
accuracy of any instructions, formulae, and drug doses should be independently
verified with primary sources. The publisher shall not be liable for any loss, actions,
claims, proceedings, demand, or costs or damages whatsoever or howsoever caused
arising directly or indirectly in connection with or arising out of the use of this
material.



http://www.tandfonline.com/loi/gmcl19
http://dx.doi.org/10.1080/10587259208037263
http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions

Downloaded by [Tomsk State University of Control Systems and Radio] at 15:00 18 February 2013

Mbol. Cryst. Lig. Cryst. 1992, Vol. 212, pp. 225-235
Reprints available directly from the publisher
Photocopying permitted by license only

© 1992 Gordon and Breach Science Publishers S.A.
Printed in the United States of America

TENTATIVE DESCRIPTION OF BLUE PHASES WITH
PERIODIC SURFACES

E. DUBOIS-VIOLETTE and B. PANSU
Laboratoire de Physique des Solides, LA002,
Université Paris 11. 91405 ORSAY, FRANCE.

(Received April 19, 1991)

Abstract: Geometrical models of blue phases usually proposed a de-
seription with double twist cylinders. This description was first com-
plemented by introducing minimal surfaces as midway surfaces be-
tween the axes of the double twist cylinders. Here we extend the
description to any surface. We give the energy expression and its
minimization in terms of specific properties of surfaces. We find the
tangent director field minimizing the elastic energy for surfaces with

constant mean curvature.

Keywords: blue phases, periodic surfaces, models

INTRODUCTION.

Liquid crystal blue phases 1 and 2 are cubic phases with symmetry
14,32 and P4,32.(Y) These phases can be described with use of a uniaxial
order parameter n such that n and -n are equivalent.(?(®) Absolute mini-
mization of the free elastic energy leads to a local condition implying a dou-
ble twist distortion of the director n; (in a cholesteric phase, the twist only
occurs in one direction of the space). It has been proved that no configu-
ration without defects can rigourously satisfy this condition everywhere.(*)
But a cylindrical configuration where tilt of molecules becomes larger when
moving away from the cylinder axis mostly fits that condition (the condi-
tion is strictly satisfied in the limit r — 0 where r is the cylinder radius).
The configurations with quasi double twist can be obtained in confined
regions of the space such as cylinders of finite size. Structure of blue phase
can then be interpreted(®(®) in terms of arrays of such quasi double twist
cylinders associated with arrays of defects (disclinations). But energeti-
cal calculations imply the knowledge of the director field in all the space
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and not only in limited regions such as the double twist cylinders. Recent
approaches tend to give a description of the director field filling the gap
between the cylinders.(") (® In that spirit we focussed our analysis on a
geometrical aproach linked to surfaces. We took into account models of
cubic phases (3)(®) where double twist cylinders are piled along the edges
of the cubes. We showed (?) that in these structures we can exhibit axes of
double twist cylinders directed along the core of the labyrinths . of some fa-
mous cubic infinite periodic minimal surfaces (IPMS), namely the P,F and
G surfaces.(®!) Core of the IPMS labyrinths or the double twist cylinder
axes constitute two different networks.(®) The minimal surface divide the
space between the two networks in two parts of equal volume. In that sense
the IPMS is a "midway” surface between these two networks. This is not
the unique "midway” surface that we could choose but it is a rather good
candidate. First it belongs to the good symmetry group. Furthermore
the director field on that surface, which minimizes the surface elastic free
energy shows singularities(®) (at the flat points of the surface) in the same
directions as in the models with piling of double twist cylinders. In that
paper we sketch the procedure for the construction of blue phases director
field by means of a stratification of the space in terms of surfaces.The idea
is to stratify the space with surfaces starting from the IPMS and ending,
as a limiting case, with surfaces collapsing along the double twist axes and
to find the director field on the surfaces minimizing the elastic free energy.
We found in a preceding paper that on the minimal surfaces such director
field was directed along the asymptotic lines i.e. at a constant angle from
the principal directions.(!?) Since principal directions play a favoured réle
concerning the double twist condition we shall give in the following the ex-
pression of the free energy in terms of a frame directed along the principal
directions and the normal to any surface. Then we shall express in those
coordinates the general double twist condition and find for some specific
surfaces the associated director field.
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Elastic free energy.

The expression € of the elastic energy of blue phases results from the
classical Frank energy.(*®) Surface terms usually omitted for configurations
with fixed boundary conditions on the director are to be retained since in
blue phases many defects are present.

€=/fvol

where the energy density F is:

2F =(divn)? + Kpo(n.curl n + ¢,)? + Ks3(n A curl n)?

1
(K22 + K24)div(n.curl n + ndivn) (1)

g, is the pitch defining the natural twist.
In the one elastic approximation K;; = K33 and limit Ky4 = 0, this energy
reduces to (19); ‘

&= /Z(amj +qoe{knk)2vol
iJ

where (i, j, k) is an orthonormal frame. In this frame, the minimization of
the energy leads to the double twist condition(*) (3):

V,»Dan =9nt + q,,6ﬂe,-1,n’. (2)

We now want to express this condition using coordinates related to some
reference frame specific to the surface. At any point of the surface one can
define the normal N and the curvature tensor in terms of the second and
first fondamental forms.(!!) The two eigenvectors e, and e, correspond to
the two directions with extreme curvature. k; and k; are the eigenvalues
or principal curvatures associated to the two principle directions e; and
ez. Then in the following we shall use the orthonormal frame (e;,e3,N)
as a reference frame associated to the surface (fig. 1).
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If ky = ky this frame is no longer defined; all tangent vectors on the
surface are equivalent. At the vicinity of the surface we can express the

director field n as:

n=X1e1+X2e3 +X3N

FIGURE 1 Frame(ey,e3,N). e; et e, are the principal
directions (extrema of curvature), N is the normal

to the surface.

In order to express the free energy (eq. 1) in this frame of coordinates

one has to take into account the variations of the frame (ey,e2,IN) on the



Downloaded by [Tomsk State University of Control Systems and Radio] at 15:00 18 February 2013

TENTATIVE DESCRIPTION OF BLUE PHASES . . . 229

surface related to the principal curvatures and their variations:

(3)

Since we are looking for twisting director field we introduce ab initio some

twist ¢ in the normal direction to the surface and take:

0
V3N = (0
0
0
Vie; = <"¢1) (4)
0
o

O Ow
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The Frank energy is expressed in the frame associated to the surface as:

F=3Y (VX))

)

Va(ky)

ky — ks

)

+ 2k (X'V, X® - XV, X1)

+ 2k (X?V,X? - XV, X?)

— 2,(X?V, X? - X*V,X?)

— 20,(X*V, X! — X'V, X?)

+2(—q+ @)XV X! - X'V3X?)

= 2g,(ky — k2) X' X?

Vi(ka) Va(k1)
k% =k

Valk) _ Vilka) v2ys
+oh s e XX

+ (\"V;X’-—X’V;Xl)

(X19,X2 - X2V,X1)

+ 2=k )X1x3

+(X1) ((V’”‘)) + (Z‘—@)2+k3 +45+(1-9)%)

ky — & ky — ks

eeop((TE)  (2EY 44 g (o a0

— ks
+ (X (22 + K2 + kD)

(5)

Since we are looking for a unitary director field one can define the angles

6 and ¢ (fig. 1) as
X! = cos(8)cos(9)

X? = cos(8)sin(¢)
X3 = 5in(6)

and write the associated expression for the energy density:
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F =3 ((Vif)* + cos’6(V:g)?

+2V,18(k cosp — g,3ind)
+2V,8( kgsincﬁ + gocosd)

+ 2V, 4>( —221_0s%0 + cosbsind(kysing — gocosd))

k—k

_ngS( kl — k2 — 12 05?0 + cosBsind(—kqcosd + gosind))

+2V3é(q - qo)cosze
— 2g(ky — ky)cos?cospsing (6)
Vi(ks) Va(ky)
+ ( k2 IC L qo kl - k2
Vz(k ) Vi(ka)

k

- kgcos29ms2¢ — kZcos®Bsin?¢
. Vok)\? [ Vilk)\?
2 _ Z{in Ir2 - _ 2 2
+ sin“f ( (-—-—kl — kz) + (_——kx _— (g—¢0)° +4;

Va(k )\ [ Vi(k)\?
g (D) (N g 4k bk 4 g2
kl—kg kl—kg

)cosBsinbcosd

)cosBsinbsing

Double twist condition

Minimization of the energy with respect to the two variables § and ¢:

oF
Z V'avxd’ + 5, ¢dw(e i)

0]-‘ f+afd(e)
Vigos T aveole

leads to the double twist condition expressed in terms of the new coordi-

nates.
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As a first approach we look for tangent director field i.e. § = 0,Vn8 = 0.
We obtain the condition for the coordinate in the tangent plane:

V,k Vik
h =~ L2u1 S —172
2 Vie=-" (%) - (22%)

~ 2¢,(ky — kg)cos2¢ + (k3 — k)sin2¢
Vik; Vaky
ThoRtTRoR

= 2(g — go)(k1 — k2).

This expression is quite general and takes into account the surface prop-

erties through the terms in curvature gradient. No simple solution can be
extracted in the general case but some simplification occurs if one looks

for some specific surfaces.

Surfaces with constant mean curvature,

For surfaces with constant mean curvature C)s, one can write the two

principal curvatures as :
kl =k + €

k‘2=-—k+€

where Cjr = 2¢ is constant. The minimization of eq. 6 then reduces to:

Y Vi = —4qkcos2¢ + 4eksin2¢

Vk,
Tk -k !

V2 k'l

Vi + V2¢ 2(q = go)(k1 — k).

For ¢ = q,, one trivial solution is:

¢ = 1/2Arctg(—q/e) + nr /2. (8)

or

cos2p =%

NeErs
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Let us notice that a stable solution is:

€

€082¢p = ————=z=,
¢ \ /62 + q2

which leads to the following energy:

£=- / [2k/e F g¥)vol + / lq(k, &, )Jvol

where g(k,e,) does not depend on ¢ but only on the surface properties.
Equation (8) shows that the director field remains at a constant angle from
the principal directions. We recover the solution ¢ = r/4 and ¢ = 37/4
for a minimal surface e = 0 i.e. the director field is along the asymptotic
directions.(1?) Let us remark that asymptotic directions always exist for
a minimal surface (but not always in the case of a general surface). It
is also interesting to notice that solution (8) also leads to a director field
reminiscent of the double twist cylinder one. Principal directions are along
the usual cylindrical frame ey, ez tangent to the circle and along the Z

axis. The director field for a cylinder of radius % = 2e is:

tg(?qb) = _quR

which is of the predicted type for double twist cylinders (fig. 2). A nice
engraving has been performed by P. Jeener (fig. 3) illustrating and ex-

trapolating our results. We can see the director field as predicted on the
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minimal surface, on the cylinders and also inbetween as a dream.

FIGURE 2 Director field n in a double twist cylinder.

. B
“Len phoyes bltses® /“S,_BU'W'

FIGURE 3 Blue phase as engraved by the artist P. Jeener, Paris
1990.
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CONCTLUSION.

In this paper we have derived the elastic free energy and the double
twist condition in terms of general properties of surfaces, namely in terms
of curvatures and principal directions. We looked for tangent director ficld
and exhibit solutions in the case of surfaces with constant mean curvature.
We recovered solutions already known in the case of double twist cylinders
and minimal surfaces. This paper is a first attempt for a description of
blue phases in terms of stratification of the space by a series of surfaces.
Simplification occurs for surfaces with constant mean curvature. But the
main point which remains is to know if such a stratification may exist filling

the space between the double twist axes.
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