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TENT-4TIVE DESCRIPTION OF BLUE PHASES WITH 
PERIODIC SURFACES 

E. DUBOIS-VIOLETTE and B. PANSU 
Laboratoire de Physique des Solides, LA002, 
UniversitC Paris 11. 91405 ORSAY, FRANCE. 

(Received April 19, 1991) 

Abstract: Geometrical models of blue phases usually proposed a de- 
scription with double twist cylinders. This description was first com- 
plemented by introducing minimal surfaces aa midway surfaces be- 
tween the axes of the doul>le twist cylinders. Here we extend the 
description to any surface. We give the energy expression and its 
minimization in terms of specific properties of surfaces. We find the 
tangent director field minimizing the elastic energy for surfaces with 
constant mean ciirvature. 

Keywords: blue phases, periodic surfaces, models 

INTRODUCTION. 

Liquid crystal blue phases 1 and 2 are cubic phases with symmetry 
14133 and P4233.(1) These phases can be described with use of a uniaxial 
order parameter n such that n and -n are eq~ iva len t . (~ ) (~ )  Absolute mini- 
mization of the free elastic energy leads to a local condition implying a dou- 
ble twist distortion of the dircctor n; (in a cholesteric phase, the twist only 

occurs in one direction of the space). It has been proved that no configu- 
ration without defects can rigourously satisfy this condition everywhere.(4) 
Brit a cylindrical configiiration where tilt of molecules becomes larger when 
moving away from the cylinder axis mostly fits that condition (the condi- 
tion is strictly satisfied in the limit r -, 0 where r is the cylinder radius). 
The configurations with quasi double twist can be obtained in confined 
regions of the space such as cylinders of finite size. Structure of blue phase 
can then be in terms of arrays of such quasi double twist 
cylinders associated with arrays of defects (disclinations). But energeti- 
cal calculations imply the knowledge of the director field in all the space 
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226 E. DUBOIS-VIOLETTE AND B .  PANSU 

and not only in limited regions such as the double twist cylinders. Recent 
approaches tend to give a description of the director field filling the gap 
between the cylinders.(') ('1 In that spirit we focussed our analysis on a 
geometrical aproach linked to surfaces. We took into account models of 
cubic phases ( 5 ) ( 6 )  where double twist cylinders are piled along the edges 
of the cubes. We showed (') that in these structures we can exhibit axes of 
double twist cylinders directed along the core of the labyrinths of some fa- 
mous cubic infinite periodic minimal surfaces (IPMS), namely the P,F and 
G surfaces.(') Core of the IPMS labyrinths or the double twist cylinder 
axes constitute two different networks.(') The minimal surface divide the 
space between the two networks in two parts of equal volume. In that sense 
thc IPMS is a "midway" surface between these two networks. This is not 
the unique "midway" surface that we could choose but it is a rather good 
candidate. First it belongs to the good symmetry group. Furthermore 
the director field on that surface, which minimizes the surface elastic free 
energy shows s ing~lar i t ied~)  (at the flat points of the surface) in the same 
directions as in the models with piling of double twist cylinders. In that 
paper we sketch the procedure for the construction of blue phases director 
field by means of a stratification of the space in terms of surfaces.The idea 
is to stratify the space with surfaces starting from the IPMS and ending, 
as a limiting case, with surfaces collapsing along the double twist axes and 
to find the director field on the surfaces minimizing the elastic free energy. 
We found in a preceding paper that on the minimal surfaces such director 
field was directed along the asymptotic lines i .e .  at a constant angle from 
the principal directions.(") Since principal directions play a favoured r6le 
concerning the double twist condition we shall give in the following the ex- 
pression of the free energy in terms of a frame directed along the principal 
directions and the normal to any surface. Then we shall express in those 
coordinates the general double twist condition and find for some specific 
surfaces the associated director field. 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

5:
00

 1
8 

Fe
br

ua
ry

 2
01

3 



TENTATIVE DESCRIPTION OF BLUE PHASES . . . 221 

Elastic free rnerm. 

The expression E of the elastic energy of blue phases results from the 
classical Frank energy.(") Surface terms usually omitted for configurations 
with fixed boundary conditions on the director are to  be retained since in 
blue phases many defects are present. 

& = / 3 v d  

where the energy density 3 is: 

PF + KZ2(n.curl n + go)' + K3,(n A curl n)' 
(1) (Kzz + K2q)di~~(n.curl n + ndivn) 

qo is the pitch defining the natural twist. 
In the one elastic approximation K11 = K33 and limit K24 = 0, this energy 
reduces to (lo): 

E = / x ( d i n j  + qoe!knk)2vol 

where (i,j ,  k) is an orthonormal frame. In this frame, the minimization of 
the energy leads to the double twist condition(4) (5): 

4i 

We now want to express this condition using coordinates related to some 
reference frame specific to the surface. At any point of the surface one can 
define the normal N and the curvature tensor in terms of the second and 
first fondamental forms.(") The two eigenvectors el and e2 correspond to 
the two directions with extreme curvature. kl and k2 are the eigenvalues 
or principal curvatures associated to the two principle directions el and 
e2. Then in the following we shall use the orthonormal frame (el,e2,N) 
as a reference frame associated to the surface (fig. 1). 
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228 E. DUBOIS-VIOLETTE AND B. PANSU 

If Icl = kz this frame is no longer defined; all taagent vectors on the 

surface are equivalent. At the vicinity of the surface we can express the 

director field n as: 

n = X'el+ X 2 e z  + X3N 

FIGURE 1 Frame(er,ea,N). el et e2 are the principal 

directions (extrema of curvature), N is the normal 

to the surface. 

In order to express the free energy (eq. 1) in this frame of coordinates 

one has to take into account the variations of the frame (el,ez,N) on the 
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TENTATIVE DESCRIPTION OF BLUE PHASES 229 

surface related to the principal curvatures and their variations: 

Vze2 = (-?) 

Since we'are looking for twisting director field we introduce a6 initio some 

twist Q in the normal direction to the surface and take: 
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230 E. DUBOIS-VIOLEITE AND B.  PANSU 

The Frank energy is expressed in the frame associated to the surface as: 

Since we are looking for a unitary director field one can define the angles 

0 ant1 + (fig. 1) its: 

= cos(e)cos(+) 
x 2  = cos(e)sin( +) 

~3 = s in(e)  

and write the associa.trd expression for the energy density: 
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TENTATIVE DESCRIPTION OF BLUE PHASES . . 23 1 

Donhle twist condition . 

Minimization of the energy with respect to the two variables 0 and 4: 

0 3  0 3  + --div(e;) -=pi- a 3  
ae . avie avie 

leads to the douhle twist condition expressed in terms of the new coordi- 
nates. 
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232 E. DUBOIS-VIOLETTE AND B. PANSU 

As a first approach we look for tangent director field i.e. 8 = 0 , V ~ 6  = 0. 
We obtain the condition for the coordinate in the tangent plane: 

- q q  - q o ) ( h  - k2). 

This expression is quite general and takes into account the surface prop- 
erties through the terms in curvature gradient. No simple solution can be 
extracted in the general case but some simplification occurs if one looks 
for some specific surfaces. 

Siirfacw with constant mean curvature. 

For surfaces with constant mean curvature CM, one can write the two 

principal curvatures as : 
k I = I c + t  

k z = - k + t  

where CM = 2e is constant. The minimization of eq. 6 then reduces to: 

OT4 = - 4qkc0.924 + 4eksin24 

For Q = go,  one trivial solution is: 

4 = 1/2 .4rctg( -q /e)  + nlr/2. 
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TENTATIVE DESCRIPTION OF BLUE PHASES . . . 

Let us notice that a stable solution is: 

233 

€ 

JW' cos24 = - 

which leads to the following energy: 

& = - / [ 2 k & q & * l +  (g(k, e,)JvoZ / 
where g ( k , c , )  does not depend on 9 but only on the surface properties. 

Equation (S) shows that the director field remains at a constant angle from 

the principal directions. We recover the solution 4 = 7r/4 and 4 = 3n/4 

for a minimal surface e = 0 i.e. the director field is dong the asymptotic 

directions.(12) Let us remark that asymptotic directions always exist for 

a minimal sudace (hut not always in the case of a general surface). It 

is also interesting to notice that solution (8) also leads to a director field 

reminiscent of the double twist cylinder one. Principal directions are along 

the usual cylindrical frame ee,eZ tangent to the circle and along the 2 

axis. The director field for a cylinder of radius k = 2e is: 

t g ( 2 4 )  = -2q,R 

which is of the predicted type for double twist cylinders (fig. 2) .  A nice 

engraving has been performed by P. Jeener (fig. 3) illustrating and ex- 

trapolating our results. We c a n  see the director field as predicted on the 
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234 E. DUBOIS-VIOLEITE AND B. PANSU 

minimal surface, on the cylinders and also inbetween aa a dream. 

_ I _  

FIGURE 2 Director field n in a double twist cylinder. 

-h ph.wa bt-" 4 ? J e L l t L *  

FIGURE 3 Blue phase as engraved by the artist P. Jeener, Paris 

1990. 
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TENTATIVE DESCRIPTION OF BLUE PHASES . . . 235 

In this paper wc liave derived the elastic free energy and thc cloiihlc 
twist condition in tcrms of general propcrties of surfaces, namely in tcrms 
of ciirvaturcs and principal directions. We looked for tangent clircctor ficltl 
md cxliiLit solutions in the case of surfaces with constant mean curvature. 
IVc rccowred soliitions already known in the case of double twist cylixidcrs 
ant1 iiiiiiiritd siirfaccs. This paper is a first attempt for a description of 
bliic p1i;~scs in trrma o f  stratification of the space by a series of siirfaccs. 
Simp1ific;it ion occiirs for surfmcs with constant mean curvature. Biit tlic 
main poilit which remains is to know if such a Stratification may exist filling 
tlic spwc lwtwccn tlic doii1)lc twist axes. 
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